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Calculating β-function coefficients of Renormalization Group
Equations
Joydeep Roy 1
CAS Key Laboratory of Theoretical Physics, Institute of Theoretical Physics,
Chinese Academy of Sciences, Beijing 100190, China.
Abstract
Renormalization Group Equations (RGEs) are indispensable tool to know the behavior of phys-
ical parameters at different energy scales. They are also extremely crucial if we want to extend our
known Standard Model gauge group by some extra gauge groups and the β-functions are the soul of
these RGEs. In literature although it is quite common to find long, final expressions of the RGEs,
unfortunately it is difficult to find any pedagogical review to calculate these β-function coefficients
explicitly from the known formulae. Therefore in this note we shall try to explain the detail calcula-
tions of RGEs by giving some explicit examples taken from the literature. The goal and hope is to
provide a hand on experience on calculating these RGEs for the young readers.
1 e-mail: jdroy@itp.ac.cn
I. INTRODUCTION
The problem of infinities in quantum field theories have bothered the respective physics community
for a long time. Historically, the presence of infinities first appear in the calculation of electron self-
energy from the perturbation theory [1]. Then it was realized that they exist when the particles
involved in calculations, have both, very short wavelength (ultraviolet divergences) and very long
wavelength (infrared divergences). Several ideas were put forward to deal with these infinities and
after few decades of evolution the ‘renormalization’ procedure has become the standardized method
to tackle the problem. The idea of the renormalization is to redefine some parameters of the theory so
that the infinities can be absorbed. The quantum field theories which follow this method are known as
’renormalizable’ theories. Kenneth Wilson’s idea of renormalization suggests that in a renormalizable
quantum field theory, any parameter can be considered as an energy scale dependent quantity and
such scale dependence can be described by simple differential equations, known as renormalization
group equations (RGEs). This means, if a model which is acting under some organizing principles is
specified by some parameters, at an input scale, then by running the RGEs of masses and couplings
of that model one can predict how these parameters will behave at some other energy scale. For
example, let us choose an arbitrary energy scaleM at which a theory is said to be defined. If we want
the theory to be also valid at a different scaleM ′, the corresponding changes in coupling constant (λ)
and field strength (φ) will keep the bare Green’s function fixed, but renormalized connected n-point
Green’s function Gn will shift proportionally to the field rescaling. Therefore, if we consider Gn as a
function of M and λ, the shift in the Gn due to the change of scale would be given by [2]
dGn =
∂G(n)
∂M
δM +
∂G(n)
∂λ
δλ = nδηGn (I.1)
where δM , δλ and δη are the shift in scale, coupling constant and field strength respectively. Con-
ventionally, we define two dimensionless quantities
β =
M
δM
δλ, ; γ =
M
δM
δη. (I.2)
Thus Eqn. I.1 becomes
[
M
∂
∂M
+ β
∂
∂λ
+ nγ
]
G(n) ({xi},M, λ) = 0 (I.3)
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which is known as Caallan-Symanzik equation [2]. Thus the evolution of coupling constant with
energy scale is described by the beta function of that coupling which is defined as
βλi ≡
dλi
dµ
=
∞∑
n=1
1
(16pi2)n
βnλi =
1
16pi2
biλ
3 +O(λ5) (I.4)
where µ represents the renormalization energy scale and bis are the beta function coefficients deter-
mined from loop corrections. These equations play very important role in renormalization theory
and they are obtained by calculating the loop-corrections of the corresponding theory. For Standard
Model (SM) or Minimal Supersymmetric Standard Model (MSSM) parameters the one-loop and
two-loop or even more loop order beta functions are known for some time. These calculations are
renormalization scheme-dependent and the results are available in literature.
Model-independent generic formulae for calculating the β-function coefficients of gauge couplings
in both SUSY and non-SUSY model is given by [3]
β(g) = µ
dg
dµ
= −
g3
(4pi)2
{
11
3
C2(G) −
4
3
κS2(F )−
1
6
ηS2(S)
}
−
g5
(4pi)4
{
34
3
[C2(G)]
2 − κ
[
4C2(F ) +
20
3
C2(G)
]
S2(F )
−
[
2C2(S) +
1
3
C2(G)
]
ηS2(S)
}
. (I.5)
where C2 is the quadratic Casimir invariants for gauge multiplets (G), scalars (S) and fermions
(F ) respectively. S2(F ) and S2(S) are the Dynkin indices for fermion and scalar representations,
respectively. κ = 1, 12 for Dirac and Weyl fermions and η = 1, 2 for real and complex scalar fields
respectively.
From the β-function expression we get,
bi = −
11
3
C2(Gi) +
4
3
κS2(Fi) +
1
6
ηS2(Si) (I.6)
Bij = −
34
3
[C2(Gi)]
2 δij + κ
[
4C2(Fj) +
20
3
δijC2(Gi)
]
S2(Fi)
+η
[
2C2(Sj) +
1
3
δijC2(Gi)
]
S2(Si). (I.7)
The Dynkin index, S(R), for an irreducible representation R, defined by
Tr[SaSa] = S(Ri)δ
ab (I.8)
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where the trace is taken only over Ri. For a fundamental representation of SU(N) the generators are
usually normalized to S(R) = 1/2. Quadratic Casimir invariants C2(R) and the Dynkin Indices are
related by the relation
d(G)S(R) = d(R)C2(R) (I.9)
where d(R) is the dimension of R, and d(G) is the dimension of the adjoint representation of the
gauge group G which is simply given by the number of generators of the group.
The amount of research works, in both supersymmetric and non-supersymmetric scenarios, that
use RGEs for their purpose is significantly heavy and it is only possible to calculate few of them from
both spectrum for the pedagogical purpose. Therefore in this note we first plan to calculate the beta
functions SM RGEs in section II, starting from the generic formulae stated above. Next, in section
III we calculate the same for the MSSM. We take a specific example of U(1)′ extension of the MSSM
and show the similar calculation in section IV. Vector-like leptons are another popular extension of
SM, that we shall consider in section V. Finally, we shall calculate the β-function coefficients of the
Pati-Salam model RGEs in section VI.
II. β-FUNCTION OF SM GAUGE COUPLING RGES (NON-SUSY SCENARIO)
The SM particle content is given by
Names SU(3)C , SU(2)L, U(1)Y
Quarks Q ( 3, 2 , 1
6
)
(×3 families) u ( 3, 1, − 2
3
)
d ( 3, 1, 1
3
)
Leptons L ( 1, 2 , − 1
2
)
(×3 families) e ( 1, 1, 1)
Higgs H ( 1, 2 , 1)
TABLE I: SM particle content.
First, we summarize the renormalization group equations in the SM. The two-loop equations
4
which are generally accepted and widely used for the gauge couplings are given by [4]
(4pi)2
d
dt
gi = g
3
i bi +
g3i
(4pi)2
 3∑
j=1
Bijg
2
j −
∑
α=u,d,e
dαi Tr
(
hα†hα
) , (II.1)
where t = lnµ and µ is the renormalization scale. g1, g2 and g3 are the gauge couplings for U(1)Y ,
SU(2)L and SU(3)C , respectively, where we use the SU(5) normalization g
2
1 ≡ (5/3)g
2
Y and d
α
i are
the Yukawa couplings contributions.
For the Standard Model (SM), the 1-loop β-function coefficients bis are very important and are
determined by the gauge group and the matter multiplets to which the gauge bosons couple. They
can be found in the literature as [3]
(b1, b2, b3)SM =
(
U(1)Y , SU(2)L, SU(3)C
)
SM
=
(
41
10
,−
19
6
,−7
)
(II.2)
The 2-loop gauge β-function coefficients are given by [3, 4]
(
Bij
)
SM
=

199
50
27
10
44
5
9
10
35
6 12
11
10
9
2 − 26
 , (II.3)
and Yukawa β-function coefficients are given by
(
du
)
SM
=
(
17
10
,
3
2
, 2
)
,
(
dd
)
SM
=
(
1
2
,
3
2
, 2
)
,
(
de
)
SM
=
(
3
2
,
1
2
, 0
)
. (II.4)
Now we shall see how the numbers in equations II.2 and II.3 are obtained.
A. 1-loop gauge β-function coefficients
To calculate these coefficients two very important parameters are quadratic Casimir invariants
and Dynkin indices. Let us specify them first. The quadratic Casimir invariant for the groups are
given by
C2(G) =
{
0 for U(1),
N for SU(N).
(II.5)
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The quadratic Casimir invariants of SM multiplets in different representations are given by the
relation C2(R) =
N2−1
2N . Thus,
C3R(i) =
{
4
3 for Φi = Q,u, d,
0 for Φi = L, e,H
(II.6)
C2R(i) =
{
3
4 for Φi = Q,L,H
0 for Φi = u, d, e,
(II.7)
C1R(i) = 3Y
2
i /5 for each Φi with weak hypercharge Yi. (II.8)
The Dynkin indices for the groups are
S2(R) ≡ S(R) =
{
3
5Y
2
Φi
for U(1),
1
2 for SU(N).
(II.9)
From equation I.6, using II.5 and II.9, we can simplify the formula for calculating these coefficients
as follows. For U(1), the contributions from all multiplets come through their hypercharge. Therefore,
b1 = 0 +
4
3
·
1
2
·
( ∑
fermions
3
5
Y 2fermions
)
+
1
6
· 2 ·
( ∑
scalars
3
5
Y 2scalars
)
[for U(1), C2(G) = 0]
=
2
3
·
∑
fermions
3
5
Y 2fermions +
1
3
·
∑
scalars
3
5
Y 2scalars
=
2
5
[
(3 · 2) · (
1
6
)2 + (3 · 1) · (−
2
3
)2 + (3 · 1) · (
1
3
)2 + 2 · (−
1
2
)2 + 1 · 12
]
Nf +
1
5
[
2 · (−
1
2
)2
]
NH
Weyl fermion
Complex scalar
Color Doublet Doublet Singlet
=
4
3
Nf +
1
10
NH (II.10)
where Nf is the number of fermion generations in the SM and NH corresponds to the number of
Higgs doublet pairs. (3 · 2), (3 · 1) etc. in above expression represents the number of multiplets.
In SU(2), there are 3 multiplets which transform as doublet under SU(2) representation. Those are
Q, L and the Higgs (H). Therefore,
b2 =
2
3
·
1
2
[
(3 · 1) + (1 · 1)
]
Nf +
1
3
·
1
2
(1 · 1)NH −
11
3
· 2
Color
=
4
3
Nf +
1
6
NH −
22
3
. (II.11)
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Similarly, for SU(3) only contribution comes from the SU(3) quark triplets. Thus,
b3 =
2
3
.
1
2
(2 + 1 + 1)Nf −
11
3
.3
Doublet
=
4
3
Nf − 11, (II.12)
These match with the formula for calculating these coefficients in Ref. [3]. Thus for Nf = 3 and
NH = 1 we can reproduce the numbers of equation II.2.
An alternative approach to calculate these bis can be found in Ref. [5]. For a U(1)Y gauge theory
the coefficient b1 is given by
b1 = −
2
3
∑
f
Y 2f −
1
3
∑
s
Y 2s (II.13)
in which the fermionic matter particles have charges Yf , the scalars have charges Ys and Y is the
normalized generator related to the hypercharge (y) as
Y 2 =
3
5
y2, (II.14)
and the factors 2/3 and 1/3 represent the contribution of fermion and scalar component respectively.
Corresponding b coefficient formula for SU(N) gauge theory is
bN = −
11
3
N −
1
3
nf −
1
6
ns (II.15)
where nf is the number of left-handed fermions and ns is the number of complex scalars which couple
to gauge bosons. Therefore in the SM, for U(1)Y ,
(b1)SM = −
2
3
3
5
∑
f
y2f −
1
3
3
5
∑
s
y2s
= −
2
5
· 3 ·
[
3y2uL + 3y
2
dL
+ 3y2uR + 3y
2
dR
+ y2eL + y
2
νL
+ y2eR
]
−
1
5
(
2y2H
)
(II.16)
Color Doublet
Generation
= −
2
5
· 3 ·
[
3(
1
6
)2 + 3(
1
6
)2 + 3(−
2
3
)2 + 3(
1
3
)2 + (−
1
2
)2 + (−
1
2
)2 + 1
]
−
1
5
[
2(
1
2
)2
]
= −
2
5
· 3 ·
[
1
6
+
4
3
+
1
3
+
1
2
+ 1
]
−
1
5
·
1
2
= −
2
5
· 3 ·
10
3
−
1
10
= −
41
10
. (II.17)
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Similarly, for SU(2)L,
(b2)SM =
11
3
· 2−
1
3
· 12−
1
6
· 1
=
19
6
(II.18)
where we have used the fact nf = 12 (for each generation 1 doublet pair for quark and lepton, so
for 3 generations there are total 6 pairs of left-handed fermions) and the Higgs is a doublet complex
scalar only under SU(2)L gauge group. For SU(3)C , only quarks carry the color and
(b3)SM =
11
3
· 3−
1
3
· 12−
1
6
· 0
= 7 . (II.19)
Thus we see that with a consistent difference in sign we can reproduce Eqn. II.2.
B. 2-loop gauge β-function coefficients
For the SM, 2-loop β-function coefficients are obtained as following [3]
(
Bij
)
SM
=

0 0 0
01363 0
0 0 102
− nf

19
15
3
5
44
15
1
5
49
3 4
11
30
3
2
76
3
−

9
50
9
100
3
10
13
6 0
0 0 0
 = −

199
50
27
10
44
5
9
10
35
6 12
11
10
9
2 −26
 (II.20)
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for nf = 3. Following equation I.7, we can derive the elements of each matrices above as follows.
(B11)SM = −
34
3
[C2(G1)]
2 +
1
2
[
4C2(F1) +
20
3
C2(G1)
]
S2(F1)
+2
[
2C2(S1) +
1
3
C2(G1)
]
S2(S1)
Weyl fermions
Complex scalar
= 0 +
1
2
[
4 ·
3
5
Y 2fermions + 0
]
3
5
Y 2fermions · nf + 2
[
2 ·
3
5
Y 2scalars + 0
]
3
5
Y 2scalars (II.21)
= 0 +
18
25
·
[
Y 4Q + Y
4
u + Y
4
d
+ Y 4L + Y
4
e
]
+
36
25
Y 4Higgs
= 0 +
18
25
·
[
(3 · 2) · (
1
6
)4 + (3 · 1) · (−
2
3
)4 + (3 · 1) · (−
1
3
)4 + 2 · (−
1
2
)4 + 1
]
· nf +
36
25
[
2 · (
1
2
)4
]
Color Doublet Singlet Doublet
= 0 +
[
1
63
+
16
27
+
1
27
+
1
8
+ 1
]
· nf +
36
25
·
1
8
= 0 +
[
1 + 128 + 8 + 27 + 216
216
]
· nf +
9
50
= 0 +
19
15
· nf +
9
50
(II.22)
where in equation II.21, we have used II.5 and II.9 and thus we have recovered the 11 element of the
matrix II.20. Similarly,
(B12)SM = −
34
3
· 0 +
1
2
[
4C2(F2) +
20
3
· 0 · 0
]
S2(F1) + 2
[
2C2(S2) +
1
3
· 0 · 0
]
S2(S1)
= 0 +
1
2
· 4C2(F2)S2(F1) + 2 · 2C2(S2)S2(S1)
= 0 +
1
2
· 4 ·
3
5
[
Y 2Q + Y
2
L
]
·
3
4
+ 2 · 2 ·
3
5
Y 2Higgs ·
3
4
(II.23)
= 0 +
9
10
[
3 · 2 ·
(1
6
)2
+ 2.
(1
2
)2]
· nf +
9
5
· 2 ·
(1
2
)2
= 0 +
3
5
· nf +
9
10
(II.24)
where in II.23 we have used II.7 and II.9.
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For 13 element calculation we need those multiplets which have color. Thus,
(B13)SM = 0 +
1
2
· 4C2(F3)S2(F1) + 2.2C2(S3)S2(S1)
= 0 +
1
2
· 4 ·
3
5
[
Y 2Q + Y
2
u + Y
2
d
]
·
4
3
+ 3 ·
3
5
Y 2Higgs · 0 (II.25)
= 0 +
8
5
[
3 · 2 ·
(1
6
)2
+ 3 ·
(
−
2
3
)2
+ 3 ·
(1
3
)2]
· nf + 0
= 0 +
8
5
[1
6
+
4
3
+
1
3
]
· nf + 0
= 0 +
44
15
· nf + 0 . (II.26)
(B21)SM = 0 +
1
2
· 4C2(F1)S2(F2) + 2 · 2C2(S1)S2(S2)
= 0 +
1
2
· 4 ·
1
2
·
3
5
[
Y 2Q + Y
2
L
]
+ 2 · 2 ·
1
2
·
3
5
Y 2Higgs
= 0 +
3
5
[
3 ·
(1
6
)2
+ 1 ·
(
−
1
2
)2]
· nf +
6
5
(1
2
)2
= 0 +
3
5
[ 1
12
+
1
4
]
· nf +
3
10
= 0 +
1
5
· nf +
3
10
. (II.27)
(B22)SM = −
34
3
[C2(G2)]
2 +
1
2
[
4C2(F2)|Q,L +
20
3
C2(G2)
]
S2(F2)
+2
[
2C2(S2)|Higgs +
1
3
C2(G2)
]
S2(S2)
= −
34
3
[2]2 +
1
2
[
4 ·
3
4
+
20
3
· 2
]
· 4 ·
1
2
· nf + 2
[
2 ·
3
4
+
1
3
· 2
]
.
1
2
(3+1) color multiplets
= −
136
3
+
49
3
· nf +
13
6
. (II.28)
For the calculation of B23 element we only need to consider the contribution from the multiplet Q
as it is both doublet under SU(2) and triplet under SU(3) transformation.
(B23)SM = 0 +
1
2
· 4C2(F3)S2(F2) + 0
= 0 +
1
2
· 4 ·
(
4
3
.3
)
·
1
2
· nf + 0
Color
= 0 + 4 · nf + 0 . (II.29)
10
31 element calculation is similar as 13 element, with the interchange of the order of Casimir invariants
and the Dynkin index. Therefore,
(B31)SM = 0 +
1
2
· 4C2(F1)S2(F3) + 2 · 2C2(S1)S2(S3)
= 0 +
1
2
· 4 ·
3
5
[
Y 2Q + Y
2
u + Y
2
d
]
·
1
2
+ 0
= 0 +
3
5
· 3 ·
[
2 ·
(1
6
)2
+
(
−
2
3
)2
+
(1
3
)2]
· nf + 0
Color Doublet
= 0 +
9
5
[ 1
18
+
5
9
]
· nf + 0
= 0 +
11
10
· nf + 0 . (II.30)
Similar as the 23 element, the only contributing multiplet is Q and
(B32)SM = 0 +
1
2
· 4C2(F2)S2(F3) + 0
= 0 + 2 ·
(3
4
· 2
)1
2
· nf + 0
= 0 +
3
2
· nf + 0 (II.31)
Finally,
(B33)SM = −
34
3
[C2(G3)]
2 +
1
2
[
4C2(F3)|Q,uc,dc +
20
3
C2(G3)
]
S2(F3)
+2
[
2C2(S3)|Higgs +
1
3
C2(G3)
]
S2(S3)
= −
34
3
· [3]2 +
1
2
[
4 ·
4
3
+
20
3
· 3
]
(2 + 1 + 1) ·
1
2
· nf + 0
Doublet
= −102 +
[
16
3
+ 20
]
· nf + 0
= −102 +
76
3
· nf + 0 . (II.32)
III. β-FUNCTIONS OF MSSM GAUGE COUPLING RGES (SUSY SCENARIO)
The MSSM particle content is summarized in Table II.
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Names spin 0 spin 1/2 SU(3)C , SU(2)L, U(1)Y
squarks, quarks Q (u˜L d˜L) (uL dL) ( 3, 2 ,
1
6
)
(×3 families) u u˜∗
R
u†
R
( 3, 1, − 2
3
)
d d˜∗
R
d†
R
( 3, 1, 1
3
)
sleptons, leptons L (ν˜ e˜L) (ν eL) ( 1, 2 , −
1
2
)
(×3 families) e e˜∗
R
e†
R
( 1, 1, 1)
Higgs, higgsinos Hu (H
+
u H
0
u) (H˜
+
u H˜
0
u) ( 1, 2 , +
1
2
)
Hd (H
0
d
H−
d
) (H˜0
d
H˜−
d
) ( 1, 2 , − 1
2
)
TABLE II: Chiral supermultiplets in the Minimal Supersymmetric Standard Model. The spin-0
fields are complex scalars, and the spin-1/2 fields are left-handed two-component Weyl fermions.
The two-loop renormalization group equations for the gauge couplings in MSSM are
(4pi)2
d
dt
gi = g
3
i bi +
g3i
(4pi)2
 3∑
j=1
Bijg
2
j −
∑
α=u,d,e
dαi Tr
(
yα†yα
) , (III.1)
where the beta-function coefficients for 1-loop gauge, 2-loop gauge and 2-loop Yukawa couplings are
bMSSM =
(
33
5
, 1,−3
)
, (III.2)
(
Bij
)
MSSM
=

199
25
27
5
88
5
9
5 25 24
11
5 9 14
 , (III.3)
and
(
du
)
MSSM
=
(
26
5
, 6, 4
)
,
(
dd
)
MSSM
=
(
14
5
, 6, 4
)
,
(
de
)
MSSM
=
(
18
5
, 2, 0
)
(III.4)
respectively.
A. 1-loop gauge β-function coefficients
To derive III.2, the equation II.15 needs to be changed because now there are some new particles
whose contributions are significant. Following are those contributions:
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• Contributions of gauginos to SU(N) gauge group is −2N3 and to U(1) is zero.
• Contributions of squarks and sleptons or combinedly sfermions (scalars) to SU(N) gauge group
is −16ns and to U(1) is −
3
5
∑
s y
2
s .
• Contributions of Higgsinos (fermions) to SU(N) gauge group is −13nf and to U(1) is −
3
5
∑
f y
2
f .
Therefore following equation II.13, the U(1)Y coefficient for the MSSM case is:
(b1)MSSM = (b1)SM −
1
3
·
3
5
∑
s=Scalars
y2s −
2
3
·
3
5
∑
f=Fermions
y2f (III.5)
= −
41
10
−
1
5
·
(
3 ·
10
3
+ 2 ·
1
4
)
−
2
5
· 4 ·
1
4
(III.6)
Color Doublet 2 Doublets
= −
41
10
−
1
5
·
21
2
−
2
5
= −
33
5
. (III.7)
Points about Eqn. III.6
• First term is the SM contribution coming only from the fermions of 3 colors and generations
and from the single Higgs.
• Second term is a combined contribution of both, the additional scalar partners of quarks and
leptons introduced in the multiplet and the additional scalar Higgs introduced in the MSSM.
• Since there are now two Higgs doublet in the MSSM, there are two additional fermionic partners
to them, Higgsinos. Their contribution is given by this last term.
Following equation II.15, the SU(2)L coefficient for the MSSM is
(b2)MSSM = (b2)SM −
2N
3
−
1
3
nf −
1
6
ns (III.8)
=
19
6
−
4
3
−
1
3
· 2−
1
6
· (12 + 1) (III.9)
= −1 . (III.10)
Points about Eqn. III.9
• First term is the usual SM contribution.
• For SU(2) case, N = 2 in the second term.
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• Two Higgsinos are the extra left-handed fermions present in the MSSM, so the presence of 2
in the third term.
• The additional scalar partners of quarks and leptons introduced in the multiplet (1 doublet
each for squarks and sleptons and 3 generations, so total 6 doublets and thus total 12 sfermions
under SU(2)L) and one additional scalar Higgs introduced in the MSSM.
Similarly, following equation II.15, the MSSM SU(3)C coefficient is
(b3)MSSM = (b3)SM −
2N
3
−
1
3
nf −
1
6
ns (III.11)
= 7− 2− (
1
3
· 0)− (
1
6
· 12) (III.12)
= 3 . (III.13)
Points about Eqn. III.12
• First term is the usual SM contribution.
• For SU(3) case, N = 3 in the second term.
• Higgsinos don’t contribute as they are singlet under the SU(3) representation.
• For each generation we need to consider only the squarks contributions. There are four (1
doublet and 2 singlets) SU(3) fundamental representations. Thus for 3 generations there
are total 12 additional sfermions (scalars). Again being singlet under SU(3), there is no
contribution from the extra Higgs doublet, introduced in the MSSM.
Thus we reproduced the equation III.2, again with a consistent difference in sign.
B. 2-loop gauge β-function coefficients
2-loop β-functions for gauge couplings is given by [4]
β(g2) = g
5
{
− 6[C(G)]2 + 2C(G)S(R) + 4S(R)C(R)
}
− g3Y ijkYijkC(k)/d(G) (III.14)
where the second term is the Yukawa coupling contribution and Yijk = (Y
ijk)∗, C(G) is the Casimir
invariant of the group, S(R) is the Dynkin index summed over all chiral multiplets and S(R)C(R)
14
is the sum of the Dynkin indices weighted by the quadratic Casimir group theory invariant C(R)
for the representation R. C(R) = CR(i) for the superfield Φi, defined in terms of the Lie algebra
generators T a by
(T aT a)i
j = CR(i)δ
j
i . (III.15)
The Dynkin index S(R) for an irreducible representation R is defined by equation I.8 and also the
relation between the Casimir invariant and the Dynkin index is given by I.9. Explicitly, the Casimir
invariants for the MSSM supermultiplets in different representation (in the superscripts) are given
by equations II.6-II.8 with H replaced by Hu and Hd.
Now using Equations II.6 - II.9 let us calculate the elements of BMSSM from the first term of
Equation III.14. Let us just define the elements of BMSSM as
BMSSM =

199
25
27
5
88
5
9
5 25 24
11
5 9 14
 =

BY Y BY L BY C
BLY BLL BLC
BCY BCL BCC
 (III.16)
where Y,L,C represent U(1)Y , SU(2)L and SU(3)C respectively. The ordering is important as will
be clear in the following calculations.
(BY Y )MSSM = −6 · 0 + 2 · 0 + 4
∑
S(R)C(R) [for U(1), C2(G) = 0]
= 4
∑
Φi
(3
5
Y 2Φi
)(3
5
Y 2Φi
)
[Φi = All MSSM supermultiplets]
=
36
25
∑
Φi
Y 4Φi
=
36
25
[
3
{
(2 · 3) · (
1
6
)4 + 3 · (−
2
3
)4 + 3 · (−
1
3
)4 + 2 · (−
1
2
)4
}
+ (2 · 2) · (
1
2
)4
]
Generation Doublet
Color
=
36
25
.
398
72
=
199
25
(III.17)
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(BY L)MSSM = 4
∑
C2(F2)S2(F1)
= 4 ·
3
4
·
∑
Φi
(
3
5
Y 2Φi
)
[Φi = Q,L,Hu,Hd (doublets under SU(2))]
=
9
5
[
Y 2Q + Y
2
L + Y
2
Hu
+ Y 2Hd
]
=
9
5
[
3 ·
{
(2 · 3) · (
1
6
)2 + 2 · (−
1
2
)2
}
+ 2 · (−
1
2
)2 + 2 · (
1
2
)2
]
Generation
Doublet
Color
=
27
5
(III.18)
(BY C)MSSM = 4
∑
C2(F3)S2(F1)
= 4 ·
4
3
·
∑
Φi
(3
5
Y 2Φi
)
[Φi = Q, u¯, d¯ (triplets under SU(3))]
=
16
5
[
Y 2Q + Y
2
u¯ + Y
2
d¯
]
=
16
5
[
(3 · 3) ·
{
2 · (
1
6
)2 + (−
2
3
)2 + (
1
3
)2
}]
Generation Color
=
88
5
(III.19)
(BLY )MSSM = 4
∑
C2(F1)S2(F2)
= 4 ·
1
2
·
∑
Φi
3
5
Y 2Φi [Φi = Q,L,Hu,Hd (doublets under SU(2))]
=
6
5
[
Y 2Q + Y
2
L + Y
2
Hu + Y
2
Hd
]
=
16
5
[
(3 · 3) · (
1
6
)2 + (1 · 3) · (−
2
3
)2 + 1 · (
1
2
)2 + 1 · (−
1
2
)2
]
=
9
5
(III.20)
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(BLL)MSSM = −6(2)
2 + (2 · 2)
∑
Φi
(
1
2
) · Φi + 4 ·
1
2
∑
Φi
(
3
4
) · Φi
= −24 + (2 · 2) · (
1
2
× 14) + 4 ·
1
2
(
3
4
× 14) (III.21)
= 25 (III.22)
where in Equation III.21,
14 = (nQ + nL + nHu + nHd)
14 = (3× 3 + 1× 3 + 1× 1 + 1× 1)
Generation Color Generation
(III.23)
is the total number of multiplets from Q,L,Hu and Hd. Similarly,
(BCC)MSSM = −6(3)
2 + (2 · 3)
∑
Φi
(
1
2
) · Φi + 4 ·
1
2
∑
Φi
(
4
3
) · Φi
= −54 + 2 · 3 · (
1
3
× 12) + 4 ·
1
2
· (
4
3
× 12) (III.24)
= 14 (III.25)
where in Equation III.24,
12 = 3 · (2 + 1 + 1)
Generation
(III.26)
is again the total number of multiplets from Q, u¯, d¯.
(BLC)MSSM = 4
∑
C2(F3)S2(F2)
= 4 ·
1
2
·
4
3
·
∑
Φi
Φi [Φi = Q, u¯, d¯]
= 4 ·
1
2
·
4
3
· (3× 3)
= 24 (III.27)
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(BCY )MSSM = 4
∑
C2(F1)S2(F3)
= 4 ·
1
2
·
∑
Φi
3
5
Y 2Φi [Φi = Q, u¯, d¯ (triplets under SU(3))]
=
6
5
·
[
(2 · 3) ·
(1
6
)2
+ (1 · 3) ·
(
−
2
3
)2
+ (1 · 3) ·
(1
3
)2]
(III.28)
=
11
5
(III.29)
(BCL)MSSM = 4
∑
C2(F2)S2(F3)
= 4 ·
1
2
·
3
4
·
∑
Φi
Φi [Φi = Q,L,Hu,Hd]
= 4 ·
1
2
·
3
4
· (2× 3) (III.30)
= 9 (III.31)
IV. β-FUNCTION COEFFICIENTS FOR U(1)′ PARTICLES (SUSY SCENARIO)
Adding an extra U(1)′ gauge group along with the usual SM gauge groups is one of the simplest
and best motivated way to extend the MSSM. For the purpose of this note, let us take the example of
this Ref. [6]. To solve the µ problem they have introduced a SM singlet superfield S which is charged
under U(1)′ and to cancel the anomalies in the model, 3 pairs of colored, SU(2)L singlet exotics
D,Dc with hypercharge YD = −
1
3 and YDc =
1
3 and 2 pairs of uncolored SU(2)L singlet exotics
E,Ec with hypercharge YE = −1 and YEc = 1 were introduced. Collecting the new particle’s charges
from the text, the quantum numbers of these new particles in SU(3)C × SU(2)L × U(1)Y × U(1)
′
representation become
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Names SU(3)C , SU(2)L, U(1)Y , U(1)
′
D ( 3, 1 , − 1
3
, 4
5
)
Dc ( 3, 1 , 1
3
, − 1
5
)
E ( 1, 1 , −1, 9
5
)
Ec ( 1, 1 , 1, − 6
5
)
S ( 1, 1 , 0, − 3
5
)
TABLE III: New particles under the U(1)′ model.
The superpotential is given by
W = yuHuQu
c + ydHdQd
c + yeHdLe
c + yνHuLν
c (IV.1)
+ λSHuHd + yD S
(
3∑
i=1
DiD
c
i
)
+ yE S
 2∑
j=1
EjE
c
j
 .
The presence of these new particles will have significant effects on the corresponding RGEs and thus
it will be interesting to see how we can derive the expressions summarized in the Appendix of Ref.
[6]. Let us calculate those.
A. 1-loop gauge β function coefficients
The contribution of these particles to the 1-loop β function is
bU(1)′ =
3
5
[
Y 2S + Y
2
D,Dc + Y
2
E,Ec
]
=
3
5
[
0 + (2 · 3 · 3·) · (
1
3
)2 + (2 · 1 · 2) · 1
]
(IV.2)
D,Dc Color
Pairs
E,Ec
Pairs
=
18
5
. (IV.3)
They all are singlet under SU(2) transformation, so no contribution from them towards g2 and for
the such as the one considered in that reference, g3 vanishes at 1-loop. Finally the contribution of
the U(1)′ to the 1-loop β function is just related to there charges under U(1)′, Tr[Q2i ]. Therefore
adding with the MSSM contribution III.2
19
bNew = bMSSM + bU(1)′ =
(
33
5
, 1, 0
)
+
(
18
5
, 0, 0,Tr[Q2i ]
)
=
(
51
5
, 1, 0,Tr[Q2i ]
)
. (IV.4)
B. 2-loop gauge β function coefficients
Clearly due to the presence of an extra gauge group III.16 would be modified as
BNew =

BY Y BY L BY C BY P
BLY BLL BLC BLP
BCY BCL BCC BCP
BPY BPL BPC BPP

New
=

351
25
27
5 24
12
5 Tr[Y
2
i Q
2
i ]
9
5 25 24 (BLP )New
3 9 48 (BCP )New
12
5 Tr[Y
2
i Q
2
i ] (BPL)New (BPC)New Tr[Q
4
i ]

(IV.5)
where
(BLP )New = 2
[
Q2Hd +Q
2
Hu + 3(Q
2
L + 3Q
2
Q)
]
(IV.6)
(BCP )New = 6
[
2Q2Q +Q
2
uc +Q
2
D +Q
2
Dc
]
(IV.7)
(BPL)New = 6
[
2Q2Hu +Q
2
Hd
+ 3(Q2L +Q
2
Q)
]
(IV.8)
(BPC)New = 48
[
2Q2Q +Q
2
uc +Q
2
dc +Q
2
D +
2
Dc
]
(IV.9)
Now, let us calculate the terms of IV.5 explicitly and derive the RGEs. Following Eqn. III.14,
the contribution to the 2-loop β-function coefficients due to the U(1)′ gauge group are the following:
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(BY Y )New = 4
∑
S(R)C(R)
= 4 · (
3
5
)2
∑
Φi
Y 4Φi [Φi = All multiplets]
=
36
25
[
(3 · 3 · 2·) (
1
6
)4 + (3 · 3) · (−
2
3
)4 + (3 · 3) · (
1
3
)4 + (3 · 2) · (−
1
2
)4 + 3 + 2.(
1
2
)4(IV.10)
Color Generation
Doublet
+2 · (
−1
2
)4 + (3 · 3 · 2) · (
−1
3
)4 + (2 · 2) · 14
]
=
36
25
[
7 +
1
4
+
3
9
+
16
9
+
3
8
+
1
72
]
=
351
25
(IV.11)
BY L is calculated the same way as for the MSSM, in equation III.18.
(BY C)New = 4
(
3
5
∑
Φi
YΦi
)
4
3
=
16
5
· 3
[
(3) · 2(
1
6
)2 + 3 · (−
2
3
)2 + 3 · (
1
3
)2 + (3 · 2) · (
1
3
)2
]
=
48
5
[
1
6
+
4
3
+
1
3
+
2
3
]Color GenerationDoublet Pairs D,Dc
=
48
5
·
15
6
= 24 (IV.12)
(BY P )New = 4
(
3
5
∑
Φi
YΦi
)
Q2Φi
=
12
5
Tr
[
Y2ΦiQ
2
Φi
]
(IV.13)
= (BPY )New
BLY , BLL and BLC are similar as the MSSM calculations as shown in equations III.20, III.21 and
III.27 respectively.
(BLP )New = 4
(
1
2
)∑
Φi
Q2Φi
[
for all supermultiplets(Φi) that are doublet under SU(2)L
]
= 2
[
Q2Hu +Q
2
Hd
+ 3 ·
(
3Q2Q +Q
2
L
)]
Generation Color
(IV.14)
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(BCY )New = 4
(
1
2
)(
3
5
∑
Φi
Y 2Φi
)[
for all supermultiplets(Φi) that are doublet under SU(3)C
]
=
6
5
[(
Y 2Q + Y
2
u + Y
2
d
)
+
(
Y 2D + Y
2
Dc
)]
=
11
5
+
[6
5
· 6 · 1 · (
1
3
)2
]
3 pairs Singlet
=
11
5
+
4
5
= 3 (IV.15)
Since no new exotics transforms as doublet under SU(2), there is no extra contribution to the BCL
element of the MSSM and thus the calculation of (BCL)New is same as equation III.30. Similar as
equation III.24,
(BCC)New = −6(3)
2 + 2 · 3
∑
Φi
(
1
2
) · Φi + 4 ·
1
2
∑
Φi
(
4
3
) · Φi
= −54 + 2 · 3 · (
1
3
× 18) + 4 ·
1
2
(
4
3
× 18) (IV.16)
= 48 (IV.17)
in equation IV.16, due to the presence of exotics, D(3) and Dc(3), the number of supermultiplets is
increased from 12 (MSSM) to 18.
(BCP )New = 4
(
1
2
)∑
Φi
Q2Φi
[
for all supermultiplets(Φi) that are triplet under SU(3)C
]
= 2
[
3 ·
(
2Q2Q +Q
2
uc +Q
2
dc +Q
2
D +Q
2
Dc
)]
Generation Doublet
= 6
[
2Q2Q +Q
2
uc +Q
2
dc +Q
2
D +Q
2
Dc
]
. (IV.18)
Similarly,
(BPC)New = 4
(
4
3
)∑
Φi
Q2Φi
[
for all supermultiplets(Φi) that are triplet under SU(3)C
]
=
16
3
[
3 · 3 ·
(
2Q2Q +Q
2
uc +Q
2
dc +Q
2
D +Q
2
Dc
)]
Generation Color
= 48
[
2Q2Q +Q
2
uc +Q
2
dc +Q
2
D +Q
2
Dc
]
. (IV.19)
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(BPL)New = 4
(
3
4
)∑
Φi
Q2Φi
[
for all supermultiplets(Φi) that are doublet under SU(2)L
]
= 3 · 2
[
3 ·
(
3Q2Q +Q
2
L
)
+Q2Hu +Q
2
Hd
]
Doublet Generation
Color
= 6
[
3
(
3Q2Q +Q
2
L
)
+Q2Hu +Q
2
Hd
]
. (IV.20)
Finally,
(BPP )New = 4
∑
Φi
Q4Φi
[
Φi = All supermultiplets
]
= 4 Tr
[
Q4Φi
]
(IV.21)
V. β-FUNCTION COEFFICIENTS FOR VECTOR-LIKE PARTICLES (SUSY SCENARIO)
Now, let us consider an example when there are some vector-like particles present in the model,
like in Ref. [8]. In that model, there exist several pairs of vector-like particles. Let’s choose the
particles with such quantum numbers
XQ+XQ = (3,2,
1
6
) + (3¯,2,−
1
6
) , ∆bQ = (
1
5
, 3, 2) ; (V.1)
XU +XU = (3,1,
2
3
) + (3¯,1,−
2
3
) , ∆bU = (
8
5
, 0, 1) ; (V.2)
XD +XD = (3,1,−
1
3
) + (3¯,1,
1
3
) , ∆bD = (
2
5
, 0, 1) ; (V.3)
XL+XL = (1,2,
1
2
) + (1,2,−
1
2
) , ∆bL = (
3
5
, 1, 0) ; (V.4)
XE +XE = (1,1,1) + (1,1,−1) , ∆bE = (
6
5
, 0, 0) ; (V.5)
XG = (8,1,0) , ∆bG = (0, 0, 3) ; (V.6)
XW = (1,3,0) , ∆bW = (0, 2, 0) ; (V.7)
XT +XT = (1,3,1) + (1,3,−1) , ∆bT = (
18
5
, 4, 0) ; (V.8)
XS +XS = (6,1,−
2
3
) + (6¯,1,
2
3
) , ∆bS = (
16
5
, 0, 5) ; (V.9)
XY +XY = (3,2,−
5
6
) + (3¯,2,
5
6
) , ∆bY = (5, 3, 2) . (V.10)
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A. 1-loop β function coefficients
In the similar way as we have calculated above, we can reproduce their results for the β-function
coefficients. For ∆bs of vector-like fermions the contributions only come from the normalized hyper-
charges,
∆bQ1 =
3
5
∑
f
Y 2f
=
3
5
· 3.2.
[
(
1
6
)2 + (−
1
6
)2
]
Color Doublet
=
1
5
. (V.11)
Similarly,
∆bU1 =
3
5
∑
f
Y 2f
=
3
5
· 3 ·
[
(
2
3
)2 + (−
2
3
)2
]
Color
=
3
5
· 3 · 2 ·
4
9
=
8
5
. (V.12)
∆bL1 =
3
5
∑
f
Y 2f
=
3
5
· 2 ·
[
(
1
2
)2 + (−
1
2
)2
]
Doublet
=
3
5
. (V.13)
∆bE1 =
3
5
∑
f
Y 2f
=
3
5
·
[
1 + 1
]
=
6
5
. (V.14)
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∆bT1 =
3
5
∑
f
Y 2f
=
3
5
· 3 ·
[
1 + 1
]
=
18
5
. (V.15)
∆bS1 =
3
5
∑
f
Y 2f
=
3
5
· (6× 1) ·
[
(
2
3
)2 + (−
2
3
)2
]
=
3
5
· 6 · 2 ·
4
9
=
16
5
. (V.16)
∆bY1 =
3
5
∑
f
Y 2f
=
3
5
· (3× 2) ·
[
(
5
6
)2 + (−
5
6
)2
]
=
3
5
· 6 · 2 ·
25
36
= 5 . (V.17)
For b2 calculation we take help from Table IV which lists all necessary Dynkin index S(R) and
Quadratic Casimir invariants C2(R) for different SU(2) representations.
Representation d(R), under SU(2) Dynkin index S(R) Quadratic Casimir invariant C2(R)
1 0 0
2 1
2
3
4
3 2 2
TABLE IV: Dynkin indices and quadratic Casimir invariants under different SU(2) representations.
Clearly the particles which are singlet under SU(2) have zero contribution. Thus ∆bU2 = ∆b
D
2 =
∆bE2 = ∆b
G
2 = ∆b
S
2 = 0. For other representations, let’s calculate them explicitly.
25
Now in a SUSY model, the extra fermions contribution is given by the sum of index times the
multiplicity. Therefore,
∆bQ2 =
(
1
2
· 2
)
·NQ (V.18)
=
[
(3 + 3) · S(2)
]No. of multiplets
= 3 [S(2) =
1
2
from Table IV ]. (V.19)
where in Eqn.V.18, 12 represents the index of the fundamental and 2 is for the vector-like pairs.
Similarly,
∆bL2 = NL
=
[
(1 + 1) · S(2)
]
= 2 ·
1
2
= 1 , (V.20)
∆bW2 = NW
=
[
1 · S(3)
]
= 1 · 2
= 2 , (V.21)
∆bT2 = NT
=
[
(1 + 1) · S(3)
]
= 2 · 2
= 4 , (V.22)
and
∆bY2 = NY
=
[
(3 + 3) · S(2)
]
= 6 ·
1
2
= 3 , (V.23)
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Representation d(R), under SU(3) Dynkin index S(R) Quadratic Casimir invariant C2(R)
1 0 0
3 1
2
4
3
3 1
2
4
3
6 5
2
10
3
6 5
2
10
3
8 3 3
TABLE V: Dynkin indices and quadratic Casimir invariants under different SU(3) representations.
Again, the particles which are singlet under SU(3) representation, have zero contribution. Thus
∆bL3 = ∆b
E
3 = ∆b
W
3 = ∆b
T
3 = 0. For others, the contributions are the following:
∆bQ3 = NQ
=
[
(2 + 2) · S(3)
]
= 2 [S(3) =
1
2
from Table V ], (V.24)
∆bU3 = NU
=
[
(1 + 1) · S(3)
]
= 2 ·
1
2
= 1 , (V.25)
∆bD3 = ND
=
[
(1 + 1) · S(3)
]
= 2 ·
1
2
= 1 , (V.26)
∆bG3 = NG
=
[
1 · S(8)
]
= 1 · 3
= 3 , (V.27)
27
∆bS3 = NS
=
[
(1 + 1) · S(6)
]
= 2 ·
5
2
= 5 , (V.28)
∆bY3 = NY
=
[
(2 + 2) · S(3)
]
= 4 ·
1
2
= 2 . (V.29)
B. 2-loop β function coefficients
The two-loops β function contributions to the SM gauge couplings from the vector-like particles
in supersymmetric models are given by [8]
∆BXE+XE =

72
25 0 0
0 0 0
0 0 0
 , ∆BXL+XL =

9
25
9
5 0
3
5 7 0
0 0 0
 (V.30)
∆BEY Y = −6 · 0 + 2 · 0 + 4
∑
S(R)C(R)
= 4
∑
Φi
(3
5
Y 2Φi
)(3
5
Y 2Φi
)
=
36
25
[
Y 4XE + Y
4
XE
]
=
36
25
[
1 + 1
]
=
36
25
· 2
=
72
25
(V.31)
Since both XE and XE are SU(2) and SU(3) singlet, all the components related to those groups
are zero.
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Similarly for XL and XL,
∆BLY Y = 4
∑
Φi
(3
5
Y 2Φi
)(3
5
Y 2Φi
)
=
36
25
[
Y 4XL + Y
4
XL
]
=
36
25
· 2 ·
[
1
16
+
1
16
]
Doublet
=
36
25
·
1
4
=
9
25
(V.32)
∆BLY L = 4
∑
Φi
(3
5
Y 2Φi
)(3
4
)
=
9
5
[
Y 2XL + Y
2
XL
]
=
9
5
· 2 ·
[
1
4
+
1
4
]
Doublet
=
9
5
(V.33)
∆BLLY = 4
(1
2
)∑
Φi
(3
5
Y 2Φi
)
=
6
5
[
Y 2XL + Y
2
XL
]
=
6
5
· 2 ·
[
1
4
+
1
4
]
=
3
5
(V.34)
∆BLLL = 2 · 2 ·
∑
Φi
(1
2
Φi
)
+ 4 ·
1
2
·
∑
Φi
(3
4
Φi
)
= 4 ·
(
1
2
· 2
)
+ 2 ·
(
3
4
· 2
)
(V.35)
= 7 (V.36)
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where in V.35 we have used total number of multiplets as (1+1).
Again XL and XL are being color singlet, don’t contribute to SU(3) components and thus other
elements are zero.
VI. PATI-SALAM MODEL RGES (NON-SUSY SCENARIO)
In the Pati-Salam (PS) gauge symmetry [9], SU(4)C×SU(2)L×SU(2)R, the five matter multiplets
of each SM generation along with the right-handed neutrinos can be represented in two multiplets:
Names SU(3)C , SU(2)L, U(1)Y SU(4)C , SU(2)L, SU(2)R
Q ( 3, 2 , 1
6
)
( 4, 2 , 1)
L ( 1, 2 , −1)
u ( 3, 1, − 2
3
)
( 4, 1 , 2)
d ( 3, 1, 1
3
)
e ( 1, 1, 1)
ν ( 1, 1, 0)
TABLE VI: SM particle multiplets under PS gauge group.
Clearly per family there are total 16 Weyl fermions, 4 leptons and 12 quarks (including colors).
If we just start with the PS group, then there would be two sets of scalars needed.
• One set will break down the PS group to SM group, SU(4)C ×SU(2)L×SU(2)R → SU(3)C ×
SU(2)L × U(1)Y
• The other one for the electroweak symmetry breaking, SU(3)C×SU(2)L×U(1)Y → SU(3)C×
U(1)em
But, if there we consider any other higher group of which PS group is a subgroup, then another set
of scalars are needed to brek that down to PS group. The scalar sector multiplets of the PS gauge
group can have different representations in terms of their PS quantum numbers.
Let us consider [10] as our reference for this purpose. The details of the scalar sector is given in Table
[1] of that reference and the relevant scalars for our calculation, at the intermediate scale MI , are
• A complex Higgs sector, 126H that breaks the Pati-Salam symmetry to the Standard Model
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• Another complex 10H scalar that does the electroweak symmetry breaking.
SU(4)C , SU(2)L, SU(2)R SO(10)
HD(1, 2, 2) 10
Σ1(6, 1, 1)
126
Σ2(10, 3, 1)
Σ3(10, 1, 3)
Σ4(15, 2, 2)
TABLE VII: Relevant scalar sector representations under PS gauge group.
The beta-function coefficients for 1-loop and 2-loops are given as [10]
bPS = (4C, 2L, 2R) =
(
1,
26
3
,
26
3
)
, (VI.1)
(
Bij
)
PS
=

1209
2
249
2
249
2
1245
2
779
3 48
1245
2 48
779
3
 . (VI.2)
A. 1-loop β-function coefficients
To calculate the bPSs we follow Eq. I.6. The Dynkin indices and the quadratic Casimir invariant
of the SU(4) group are collected from Ref. [11] and the relevant ones for our purpose are listed in
Table VIII.
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Representation d(R), under SU(4) Dynkin index S(R) Quadratic Casimir invariant C2(R)
1 0 0
4 1
2
15
8
4 1
2
15
8
6 1 5
2
10 3 9
2
10 3 9
2
15 4 4
TABLE VIII: Dynkin indices and quadratic Casimir invariants under different SU(4)
representations.
(b1)PS = −
11
3
· 4 +
4
3
·
1
2
( ∑
fermions
S(Rf )
)
+
1
6
· 2 ·
( ∑
scalars
S(Rs)
)
Weyl fermion Complex scalar
(VI.3)
where
∑
fermions S(Rf ) is the total number of multiplets times the Dynkin index of fermions and∑
scalars S(Rs) is the same for scalars. We shall calculate these quantities explicitly.
Since all the SM fermions are quadruplet under SU(4), they all have contribution towards counting
the number of multiplets. Therefore,
∑
fermions
S(Rf ) = 3 (generation) × (2 · 1 + 1 · 2) · S(4)
= 12 ·
1
2
= 6. (VI.4)
The scalars which are relevant for SU(4) calculations are Σ1(6, 1, 1),Σ2(10, 3, 1),Σ3(10, 1, 3) and
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Σ4(15, 2, 2). Their contributions are the following:
Σ1(6, 1, 1) = (1× 1) · S(6) = 1 · 1 = 1 ,
Σ2(10, 3, 1) = (3× 1) · S(10) = 3 · 3 = 9 ,
Σ3(10, 1, 3) = (1× 3) · S(10) = 3 · 3 = 9 ,
Σ4(15, 2, 2) = (2× 2) · S(15) = 4 · 4 = 16
Therefore
∑
scalars
S(Rs) = 1 + 2× 9 + 16 = 35. (VI.5)
Thus combining Eqs.VI.4 and VI.5 we get
(b1)PS = −
44
3
+
2
3
· 6 +
1
3
· 35
= 1 (VI.6)
Similarly, for SU(2)L case
∑
fermions
S(Rf ) = 3 (generation) × (4.1) · S(2)
= 12 ·
1
2
= 6 [Using Table IV ]. (VI.7)
But the relevant scalars are HD(1, 2, 2), Σ2(10, 3, 1) and Σ4(15, 2, 2). Following Table IV their
contributions can be found as
HD(1, 2, 2) = (1× 2) · S(2) = 2 ·
1
2
= 1 ,
Σ2(10, 3, 1) = (10 × 1) · S(3) = 10 · 2 = 20 ,
Σ4(15, 2, 2) = (15 × 2) · S(2) = 30 ·
1
2
= 15
Therefore
∑
scalars
S(Rs) = 1 + 20 + 15 = 36. (VI.8)
Using Eqs. VI.7 and VI.8 we find
(b2)PS = −
22
3
+
2
3
· 6 +
1
3
· 36
=
26
3
. (VI.9)
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B. 2-loops β-function coefficients
From Eqn. I.7,
(B11)PS = B4C4C = −
34
3
[
C2(G4C)
]2
+
1
2
[
4C2(F4C) +
20
3
C2(G4C)
]
S2(F4C)
+2
[
2C2(S4C) +
1
3
C2(G4C)
]
S2(S4C) (VI.10)
Scalars
Names C2(S4C) C2(G4C) S2(S4C) No of multiplets
HD(1, 2, 2) 0 4 0 0
Σ1(6, 1, 1)
5
2
4 1 1× 1 = 1
Σ2(10, 1, 3)
9
2
4 3 1× 3 = 3
Σ3(10, 3, 1)
9
2
4 3 3× 1 = 3
Σ4(15, 2, 2) 4 4 4 2× 2 = 4
Fermions
(4, 2, 1) 15
8
4 1
2
2× 1× 3 = 6
(4, 1, 2) 15
8
4 1
2
1× 2× 3 = 6
TABLE IX: Values needed for calculations of SU(4) representations.
Relevant fermions and scalars and their Dynkin indices and Quadratic Casimir invariants are
shown in Table IX. For fermions, an extra factor of 3 is to be multiplied to take care of the generation.
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Therefore, using that table and from Eq. VI.11 we get,
B4C4C = −
34
3
[4]2 +
1
2
[
4 ·
15
8
+
20
3
· 4
]1
2
· (6 + 6)
]
+ 2
[
0 +
(
2 ·
5
2
+
1
3
· 4
)
· 1
+
(
2 ·
9
2
+
1
3
· 4
)
· (3 · 3 · 2) + (2 · 4 +
1
3
· 4
)
· 4 · 4
]
= −
544
3
+
[(15
2
+
80
3
)
· 3
]
+ 2
[
(5 +
4
3
) + (9 +
4
3
) · 18 + (8 +
4
3
) · 16
]
= −
544
3
+
205
2
+
38
3
+ 372 +
896
3
=
−1088 + 615 + 76 + 2232 + 1792
6
=
1209
2
(VI.11)
(B33)PS = B2R2R = −
34
3
[
C2(G2R)
]2
+
1
2
[
4C2(F2R) +
20
3
C2(G2R)
]
S2(F2R)
+2
[
2C2(S2R) +
1
3
C2(G2R)
]
S2(S2R) (VI.12)
Scalars
Names C2(S2R) C2(G2R) S2(S2R) No of multiplets
HD(1, 2, 2)
3
4
2 1
2
1× 2 = 2
Σ3(10, 1, 3) 2 2 2 10× 1 = 10
Σ4(15, 2, 2)
3
4
2 1
2
15× 2 = 30
Fermions
(4, 1, 2) 3
4
2 1
2
4× 1× 3 = 12
TABLE X: Values needed for calculations of SU(2) representations.
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Therefore, using Table X, from Eq. VI.12 we get,
B2R2R = −
34
3
[2]2 +
1
2
[
4 ·
3
4
+
20
3
· 2
]1
2
· 12 + 2
[(
2 ·
3
4
+
1
3
· 2
)
+
(
2 · 1 +
2
3
)
· 2 · 10
+
(
2 ·
3
4
+
2
3
)
·
1
2
· 30
]
= −
136
3
+ 3 ·
49
3
+ 2 ·
[13
6
+
14
3
· 20 +
13
6
· 15
]
= −
136
3
+ 49 +
13
3
+
560
3
+
195
3
=
779
3
= B2L2L = (B22)PS (VI.13)
For the calculation of B12 = (B4C2L)PS element we need the fermions and scalars which are not
singlet under either SU(4) or SU(2)L. Therefore, the relevant fermions are with quantum numbers
(4, 2, 1) and scalars are Σ3(10, 3, 1) and Σ4(15, 2, 2). Thus,
(B12)PS = B4C2L =
1
2
[
4C2(F2L)
]
S2(F4C) + 2
[
2C2(S2L)
]
S2(S4C)
=
1
2
[
4 ·
3
4
]1
2
· 6 + 2
[
2C2
(
S2L(3)
)
S2
(
S4C(10)
)
+2C2
(
S2L(2)
)
S2
(
S4C(15)
)]Multiplets
Multiplets Multiplets
=
9
2
+ 2
[
2 · 2 · (3 · 3) + 2 ·
3
4
· (4 · 4)
]
=
9
2
+ 120
=
249
2
= (B13)PS = B4C2R. (VI.14)
Because, for (B13)PS = B4C2R, the relevant multiplets are (4, 1, 2), Σ2(10, 1, 3) and Σ4(15, 2, 2)
and thus they are equal to B4C2L.
Now, for (B21)PS the multiplets are same as that of (B21)PS, but they contribute differently as shown
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in the following:
B2L4C =
1
2
[
4C2(F4C )
]
S2(F2L) + 2
[
2C2(S4C)
]
S2(S2L)
=
1
2
[
4 ·
15
8
]1
2
· 12 + 2
[
2C2
(
S4C(10)
)
S2
(
S2L(3)
)
+2C2
(
S4C(15)
)
S2
(
S2L(2)
)]Multiplets
Multiplets Multiplets
=
45
2
+ 2
[
2 ·
9
2
· (2 · 10) + 2 · 4 · (
1
2
· 30)
]
=
45
2
+ 600
=
1245
2
= (B31)PS = B2R4C . (VI.15)
Finally, for the element (B23)PS we find that there is no fermion which are doublet under both
SU(2)L and SU(2)R. Therefore there is no contribution from the fermions and the relevant scalars
are HD(1, 2, 2),Σ4(15, 2, 2).
B2L2R = 2
[
2C2(S2L)
]
S2(S2R)
Multiplets Multiplets
= 2
[
2 ·
3
4
· (
1
2
· 30) + 2 ·
3
4
· (
1
2
· 2)
]
= 45 + 3
= 48 = (B32)PS = B2R2L. (VI.16)
VII. SUMMARY
Starting from the basic formulea we have explicitly shown the calculation for β-function coefficients
which form the renormalization group equations of different models. It is also shown that these
coefficients depend completely on the quantum numbers of the gauge groups they represent. The
Standard Model, Minimal Supersymmetric Standard Model, an extension of Standard Model with an
U(1)′ gauge group, a model with vector-like leptons and the Pati-Salam model has been discussed. For
any model it is important to know the Dynkin indices, quadratic Casimir invariants of corresponding
gauge groups and the number of multiplets under those group representations.
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